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A version of the discrete-ordinates method is used to solve, for the case of flow
in a cylindrical tube, the classical Poiseuille and thermal-creep problems based on
the Bhatnagar, Gross, and Krook model in the theory of rarefied-gas dynamics. In
addition to the development of a discrete-ordinates solution that is valid for a wide
range of the Knudsen number, the solution is evaluated numerically for selected
cases to yield results, thought to be correct to many significant figures, for the slip
velocities, the macroscopic velocity profiles, and the flow rateszooo Academic Press

1. INTRODUCTION

In a recent work [1] a newly developed version [2] of the discrete-ordinates method
was used to solve in a definitive manner the most important of the classical, plane-geon
flow problems defined in terms of the Bhatnagaal. model [4] basic to the general area
of rarefied-gas dynamics [5, 6]. In this work, we extend that earlier work [1] to the cases
Poiseuille flow and thermal creep in a cylindrical tube. Since much of what we use in t
work was developed in Refs. [1] and [2] and in a paper by Valougeorgis and Thomas
our presentation here is brief.

We start with a mathematical formulation of the problems we intend to solve in tt
work. This formulation was developed by Ferziger [8] and Loyalka [9] and was used
Valougeorgis and Thomas [7] as a starting point in developing a solution, based B the
method [10], to the same problems we consider here. And so we begin with the inte
equation

R
Z(r):/ tZMOK (@t — r)dt + Sr) (1)
0

for r €[0, R]. Here, as will be explicitly noted, the basic unknowrir ) is related to the
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desired macroscopic velocity profil&(r) is a specified inhomogeneous source term, anc
-1/2 o _u? dU
Kit—r)=2r € Ko(r/u)lo(t/u)m, te[0,r], (2a)
0
and

Kt —r) =2n-1/2/oo e‘”ZKo(t/u)Io(r/u)%, telr, R], (2b)
0

where we usé, (x) andK,(x) to denote the modified Bessel functions of the first and secol
kind [11]. Following previously mentioned works [7-9], we note that for the problem
Poiseuille flow the source term in Eq. (1) is

1
Se(r) = 572 3)
In regard to the quantities of physical interest that we wish to establish and in orde
be consistent with previous works to which we wish to compare our numerical rest

we follow the definitions from Refs. [7] and [12] and thus will compute the macroscor
velocity profile

1
Ap(r) =7 Y2Zp(r) — > (4)
and the flow rate
4 R
QP = E/O\ qP(r)r dr. (5)

On the other hand, for the thermal-creep problem the source term in Eq. (1) is given [7

Sr(r) = R/OO uK1(R/u)lo(r /uye™ du, (6)
0

and again, following previously defined [7, 12] quantities of physical interest, we intenc
compute the macroscopic velocity profile

ar(r) =7 ¥2Zr (1) - 7

Z ™

and the flow rate

4 R
Qr = @/o Qr (r)r dr. (8)

Note that we have added the subscriptandT to distinguish between the Poiseuille-flow
and the thermal-creep problems. We note also that Ref. [12] provides numerical re:
for the considered problems with an arbitrary mixture of specular and diffuse reflectior
particles from the wall of the tube, and so we should make it clear that this work her:
restricted to the case of purely diffuse reflection [6].
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2. AREFORMULATION OF THE PROBLEM

As was done some years ago in two works concerning neutron-transport theory in cy
drical geometry [13, 14], we make use of a convenient transformation [15] to reformul
the problems defined by Eq. (1) in terms of a “pseudo problem” for which we can use m
of our experience with flow problems for plane channels. And so, as did Valougeorgis
Thomas [7], we let

r R
o, §) = SZ{KO(Y/E)/O tZ(t)lo(t/&)dt + Io(r/é)/ tZ()Kot/§)dt|  (9)
which we can differentiate twice and use along with Eq. (1) to find &hat &) satisfies
2 00
5 <I>(r E)+$——<I>(r &) — &(r, §)+2/ YW (r,u)du =-S(r), (10)

for & € (0, 00), and that

Z(r) = 2/0 W(E) DT, ) de + ST, (11)
Here we use
W(u) =7 Y2, (12)

The definition of®(r, £) as given by Eq. (9) allows us to deduce a boundary conditic
subject to which we intend to solve Eqg. (10), viz.,

d
O (R, $)+§F(§)87<I>(r,é) =0 (13)
r=R
for & € (0, 00). Here
_ Ko(R/£)
TO = KR/E) (14)

At this point we can use the particular solutions reported by Valougeorgis and Thor
[7], viz.

1
Gp(r,§) = —Zm /2" — R® + 4¢%) (15a)
for the Poiseuille-flow problem and

1
Gr(r, &) = —Enl/stKl(R/as)Io(r/s) (15b)

for the thermal-creep problem to obtain a homogeneous version of Eq. (10). And so
substitute the general decomposition

O, §) =Y 8 +G(é) (16)
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into Eqgs. (10) and (13) to obtain
2 00
£V ) + E——Y(r ) Y6 + 2/ YOYrwdi=0  (17)
0

for & € (0, co) and the boundary condition

Y(R,S)+§F(§)%Y(r,§) e F(&) (18)
for & € (0, 00). Here
Fe(6) = 1/25[25 +RI(6)] (19a)
for the Poiseuille-flow problem and
Fr€) = 1/25 (19b)

for the thermal-creep problem.
At this point we can use Egs. (11), (12), (15a), and (16) in Eq. (4) to express the ma
scopic velocity profile for the Poiseuille-flow problem in termsyaf, &), viz.

1

Ap(r) = Yp(r) — (" = R +2), (20)

and so using Eq. (5), we express the flow rate as

4 (R 1
Qp = @/O Yp(r)r dr + ﬁ(R —4). (21)
Here
Yp(r) =272 / W(E)Yp(r, £) de. (22)
0

In a similar way we can use Egs. (11), (12), (15b), and (16) in Eq. (7) to obtain

1
QT(r)ZYT(r)—Z (23)
and
4 R

Qr=rs i Yr(r)r dr — Tt (24)

where
Yr(r) =212 / N W(E)Yr(r, £)dE. (25)

JO

Having expressed the quantities we wish to compute in ternigrot) we proceed now to
develop our discrete-ordinates solution to the problem defined by Egs. (17) and (18).
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3. ADISCRETE-ORDINATES SOLUTION

To start we approximate the integral term in Eq. (17) by a quadrature formula and w
our discrete-ordinates equations as

N
E‘ SYOE) —YT6)+2) wWEY(.6) =0 (26)

é. Y(r &)+ >

fori =1,2,..., N.Inwriting Eq. (26) as we have, we are considering thaiNlpiadrature
points{&x} and theN weights{wy} are defined for use on the integration intervaldo).
Seeking a Bessel function solution (bounded as 0) of Eq. (26), we substitute

Y(r, &) = ¢, &)lo(r/v) (27)

into Eq. (26) to find

< & )qs(v &) = 22 weW (&) (v, &) (28)

fori=1,2,..., N. Now if we letg (v, &), k=1, 2, ..., N, define the elements of ax
vector® (v) we can rewrite Eq. (28) as

(I =AM B (v) = 2Wd(v), (29)
wherex = 1/v2, | istheN x N identity matrix, the elements &¥ are given by
W)i,j = wjW(§)), (30)
and
M= diag{?;l, §2 ..... SN} (31)
We note that, not surprisingly, the eigenvalue problem defined by Eq. (29) is the sam
the one encountered in Refs. [1] and [2] in the discrete-ordinates solutions of equiva
problems in plane geometry, and so we take advantage of those works and rewrite Eq.
in the special [16] form
(D — 2z7)X = AX, (32)
where, again} = 1/v?,
D =diag{&;% &% ..., &3°), (33)

and

VuiV(E) Vwr¥ (&) VunYEN T
Y

(34)
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Here we use the superscript T to denote the transpose operation. Continuing, we not
the eigenvalue problem defined by Eq. (32) is of a form that is encountered when
so-called “divide and conquer” method [17] is used to find the eigenvalues of tridiago
matrices. In addition, we see from Eq. (33) that, because of the way our basic eigenv
problem is formulated, we must exclude zero from the set of quadrature points. Of col
to exclude zero from the quadrature set is not considered a serious restriction since ty
Gauss gquadrature schemes do not include the end points of the integration interval.

Now, considering that we have found the eigenvalues defined by Eq. (32) and the reqt
separation constants from

V| = AIl/Z (35)
for j=1,2,..., N, we impose the normalization condition
N
2> wW(EP (v, &) =1 (36)
k=1
SO we can write
Vi
Pj, &) = 5. (37)
IR vj2 . %-iZ

where clearly, as discussed later in Section 5, we cannot ajlew&; . Continuing, we “sum
up” our solutions and write

N
YL &) =) Ajd, E)lo(r/v)), (38)

=1

where the arbitrary constar{t8; } are to be determined from the boundary condition of ou
problem.

At this point we wish to modify slightly the discrete-ordinates solution given by Eq. (3¢
We note that problems based on Eq. (17) are “conservative” since

2 Oo\I/ de =1, 39
/0 ) d (39)

and so we expect that one of the eigenvalues defined by Eq. (32) should tend to Rero
tends to infinity. We choose to take this fact into account by explicitly neglectinghe
largest of the computed separation consténtsand, subsequently, by writing Eq. (38) as

N-1

Y &)= A+ > Ajp. &)iolr/vpe "M, (40)

j=1

Of course, the constangsand{ A} in Eq. (40) are to be determined by constrain(g, &)

to meet a discrete-ordinates version of the relevant boundary condition. To complete
discussion of Eqg. (40) we note that we have “rescaled” the solution by introducing
general)

[n(X) = lh(x)e™* (41a)
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and (to be used later)
Kn(x) = Kn(X)€* (41b)

in order to keep “underflows/overflows” in our numerical work from degrading our calc
lation.

To conclude this section, we note first of all that we can use the discrete-ordinates solt
given by Eq. (40) in the definition

Y(r)=2r"? /w W(E)Y(r, €)dE (42)

0

to obtain, after we note Eqg. (36), the discrete-ordinates results

N—-1
YO =72 A+ A IAo(r/vj)e‘(R‘”/”i} (43)
j=1
and
4 R or—1/2 N-1 .
= YOrdr = —— AR+2 " Ajvjia(R/v)) |. (44)
j=1

Having developed our discrete-ordinates formalism, we are ready to solve the Poise
and thermal-creep problems concerning flow in a cylindrical tube.

4. SOLUTIONS TO THE PROBLEMS

To complete the solutions to the considered problems we now must determine the arbi
constantsA and{Aj} in the general expression given by Eq. (40). And so we substitu
Eq. (40) into Eqg. (18) evaluated at the quadrature points to obtain

N-1

A+ZMi,jAj =F@é) (45)

=1

fori=12, ..., N. Here

M| = v {v;Io<R/v;>v+Zs_il;(2a>ll(R/vj) (46)
] i
andF (&) is either
1
Fp(6) = 7226 + RU(&)] (47a)

for the Poiseuille-flow problem or

Fr&) = %nl/zsﬁ (47b)
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for the thermal-creep problem. In addition (for computational reasons) we use Eq. (41t
write I'(§) as

Ko(R/&)
F i - = .
&) K1(R/&)

Now, of course, all we have to do is to define a quadrature scheme, solve the eigen\
problem defined by Eq. (32), thus obtaining the separation condtgntsand solve the
linear system defined by Eq. (45). In this way all that we seek here is established, viz.

(48)

N-1

. 1
Qe =7 2| A+ AjTor/ve R0/ — Z(rz - R2+2) (49)
j=1 |
and
2 ~Y2 . 1 1,
Qp =" AR+2]§A,»U]|1(R/U]) + R -4 (50)
for Poiseuille flow and
N-1 1
qrr) =7 2| A+ ) Al o(r/vj)e(Rr)/”j] -2 (51)
j=1
and
2712 = 1
Qr =5 |AR+ 2; Apvil1(R/v) | = o5 (52)

for thermal-creep flow. In order to be very clear, we note that the consteatsl{A;} in
Egs. (49) and (50) correspond to the solutions of the linear system defined byrgsihy
for F (&) in Eq. (45), and likewise the constart&nd{ A; } in Egs. (51) and (52) correspond
to the solutions of the linear system defined by udiqgs ) in Eq. (45).

5. NUMERICAL RESULTS

Repeating the discussion given in Ref. [1], we note that what we must now do is to de
the quadrature scheme to be used in our discrete-ordinates solution. In this work we
used one of the (nonlinear) transformations

u¢) = exp(—§} (53a)
or
uE) = —— (53b)
T 1l+4¢

to mapé¢ €0, oo) into u€|0, 1], and we then used a Gauss—Legendre scheme mapj
(linearly) onto the interval [0, 1]. Of course other quadrature schemes could be usec
fact we note that recent works by Garcia [18] and Gander and Karp [19] have repo
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special quadrature schemes for use in the general area of particle transport theory. Su
approach clearly could be used here. In fact the choice of a quadrature scheme based
integration interval [0po) with a weight function as defined by Eq. (12) seems a natur
choice for this work. However, we have found the use of a mapping defined by eithel
Egs. (53) followed by the use of the Gauss—Legendre integration formulas to be so effe
that we have not developed any special-purpose quadrature schemes.

Continuing the discussion from Ref. [1], we note that having defined our quadrat
scheme and in developing a FORTRAN implementation of our solution, we found t
required separation constafitg} by using the special numerical package DZPACK[16] tha
was developed to take advantage of the special structure of Eq. (32) to solve the eigen
problem defined by Eq. (32). The required separation constants were then available a
reciprocals of the square roots of these eigenvalues. We then used the subroutines DG
and DGESL from the LINPACK package [20] to solve the linear system defined by Eq. (4
and so the solutions to the various problems were considered established.

Finally, but importantly, we note that since the functibiiu) defined by Eq. (12) can
be zero, from a computational point-of-view, we can have some, say a taw), af the
separation constans; } equal to some of the quadrature poifig. Of course this is not
allowed in Eq. (37), and so, since the quadrature points whég) is effectively zero make
no contribution to the right-hand side of Eq. (28), we have seen that we can simply o
these quadrature points from our calculation. Of course, in omitting tNespiadrature
points we have effectively chang&tto N — Ny in some parts of our solution.

In order to illustrate the achieved accuracy of our developed discrete-ordinates solut
to the considered problems we list some typical results in Tables | and Il. We note t
these numerical results are given with what we believe to be seven figures of accur

TABLE |
The Velocity Profilesge(r) and gr(r) for R=2

r/R G (r) gr(r)

0.00 2.353331 2.970292()
0.05 2.350206 2.967964()
0.10 2.340825 2.960952()
0.15 2.325161 2.949165()
0.20 2.303169 2.932454()
0.25 2.274788 2.91059%()
0.30 2.239928 2.883297()
0.35 2.198478 2.850168()
0.40 2.150292 2.810714()
0.45 2.095184 2.764308()
0.50 2.032917 2.710155()
0.55 1.963187 2.647240()
0.60 1.885600 2.574255()
0.65 1.799630 2.489483()
0.70 1.704562 2.390608()
0.75 1.599385 2.274398()
0.80 1.482595 2.136108()
0.85 1.351773 1.968245()
0.90 1.202532 1.757494()
0.95 1.024896 1.474303()

1.00 7.651726(1) 9.662684(2)
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TABLE Il
The Microscopic Velocity Slipsgr(R) and gr(R) and the Flow RatesQp and Qr

R ®(R) gr(R) Qp Qr
1.0(2) 5.482193(3) 2.646031(3) 1.476313 7.178339()
2.0(2) 1.076826(2) 5.068533(3) 1.460303 6.950018(L)
3.0(-2) 1.591934(2) 7.331779¢3) 1.448271 6.781576(1)
4.0(-2) 2.096360¢(2) 9.466208(3) 1.438589 6.629314(1)
5.0(2) 2.591873(2) 1.149131¢2) 1.430520 6.494603(L)
7.0(-2) 3.560833(2) 1.526599¢2) 1417717 6.262043(1)
9.0(-2) 4.505667(2) 1.873396(2) 1.407986 6.064104(1)
1.0(-1) 4.970472¢2) 2.036966(-2) 1.403962 5.97478%(1)
3.0(-1) 1.362138¢1) 4.443342¢2) 1.376211 4.824054(1)
5.0(-1) 2.162008¢1) 5.939122(2) 1.386652 4.170682(1)
7.01) 2.929854(1) 6.971188¢2) 1.410539 3.713404()
9.0(-1) 3.678629¢1) 7.722336(2) 1.441274 3.364313(1)
1.0 4.048069¢1) 8.024270(2) 1.458291 3.2172641)
15 5.864481¢1) 9.069215¢-2) 1553226 2.655915(L)
2.0 7.651726¢1) 9.662684(2) 1.657647 2.271179(1)
3.0 1119114 1.0261024) 1.879988 1.766334(L)
3.5 1.295371 1.041933(1) 1.994994 1.589976(1)
4.0 1.471454 1.0529774) 2111623 1.44540%(1)
5.0 1.823461 1.066763(L) 2348327 1.222287(1)
6.0 2.175514 1.074573() 2.588211 1.058073(1)
7.0 2527721 1.0793574) 2.830249 9.322240()
9.0 3.232634 1.084620() 3.318540 7.522751@)
1.0(1) 3.585304 1.086153() 3.564118 6.858111(2)
1.0(2) 3.539559(1) 1.092709() 2.602162(1) 7.582959()

Of course, we have no proof of the accuracy of our results, but we have done various tt
to establish the confidence we have. For example, we have increased the \ilusadf in
our computations until we found stability in the final results. We have also used numer
linear-algebra packages other than those mentioned and both nonlinear maps give
Egs. (53) to obtain the same results as given in our tables. While we have found agree
(that varied from three to five significant figures) with relevant results from Refs. [7] a
[12], we believe the results reported here should be considered more definitive thar
already mentioned earlier results [7, 12].

We note that we have typically uséti= 100 to generate the results listed in our tables
and to have an idea of the computational time required to solve both the Poiseuille-flow
the thermal-creep problems for a typical case, we note that our FORTRAN implementa
(no special effort was made to make the code especially efficient) of our discrete-ordin
solutions (withN = 100) runs in less than a second on a 166 MHz Pentium-based noteb
PC. Finally, to have some idea abdyg, the number of quadrature points not included ir
some parts of our calculation, we note that usirg10-* to decide if an eigenvalue and
a quadrature point were the same “computationally,” we foNpek 3 whenN =100 and
the map defined by Eq. (53a) were used.

ACKNOWLEDGMENTS

The author takes this opportunity to thank L. B. Barichello, M. Camargo, R. D. M. Garcia, S. K. Loyall
P. Rodrigues, D. Valougeorgis, and M. M. R. Williams for some helpful discussions concerning this (and ot



480 C.E. SIEWERT

work. In addition, the author thanks A. Negroni and B. Scala for the generous hospitality and support given dt
a recent visit to Castel Guelfo, Italy.

REFERENCES

L. B. Barichello, M. Camargo, P. Rodrigues, and C. E. Siewert, On unified solutions to some classical 1
problems based on the BGK model, submitted for publication (1999).

. L.B.Barichelloand C. E. Siewert, A discrete-ordinates solution for a non-grey model with complete freque

redistribution J. Quant. Spectros. Radiat. Trans&#, 665 (1999).

. S. ChandrasekhdRadiative Transfe(Oxford University Press, London, 1950).

4. P. L. Bhatnagar, E. P. Gross, and M. Krook, A model for collision processes in gases. I. Small amplit

processes in charged and neutral one-component sydys, Revd4, 511 (1954).

. C. CercignaniMathematical Methods in Kinetic Thegrgnd ed. (Plenum Press, New York, 1990).
. M. M. R. Williams,Mathematical Methods in Particle Transport The¢Butterworth, London, 1971).
. D. Valougeorgis and J. R. Thomas, Jr., Exact numerical results for Poiseuille and thermal creep flow

cylindrical tube Phys. Fluids29, 423 (1986).

8. J. H. Ferziger, Flow of a rarefied gas through a cylindrical tethys. Fluidsl0, 1448 (1967).

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

. S. K. Loyalka, Thermal transpiration in a cylindrical tubdys. Fluidsl2, 2301 (1969).
10.

R. D. M. Garcia, A review of the facild~() method in particle transport theofransport Theory Stat. Phys.
14, 391 (1985).

M. Abramowitz and I. A. Stegun, Ed$landbook of Mathematical FunctionAMS-55 (National Bureau of
Standards, Washington, DC, 1964).

S. K. Loyalka, Kinetic theory of thermal transpiration and mechanocaloric effe¢tGhem. Phy$3, 4054
(1975).

J. R. Thomas, Jr., J. D. Southers, and C. E. Siewert, The critical problem for an infinite cyNoderSci.
Eng.84, 79 (1983).

C. E. Siewert and J. R. Thomas, Jr., Neutron transport calculations in cylindrical gedvuetrySci. Eng.
87,107 (1984).

G. J. Mitsis,Transport Solutions to the Monoenergetic Critical ProblerReport ANL-6787 (Argonne
National Laboratory, Argonne, lllinois, 1963).

C. E. Siewert and S. J. Wright, Efficient eigenvalue calculations in radiative trahsf@uant. Spectrosc.
Radiat. Transfe62, 685 (1999).

G. H. Golub and C. F. Van LoaNlatrix ComputationgJohns Hopkins University Press, Baltimore, 1989).
R. D. M. Garcia, The application of nonclassical orthogonal polynomials in particle transport gy,
Nucl. Energy35, 249 (1999).

M. J. Gander and A. H. Karp, Stable computation of high order Gauss quadrature rules using discretiz
for measures in radiation transfdr,Quant. Spectros. Radiat. Trans{er press).

J. J. Dongarra, J. R. Bunch, C. B. Moler, and G. W. Stew#)PACK User’s Guid€SIAM, Philadelphia,
1979).



	1. INTRODUCTION
	2. A REFORMULATION OF THE PROBLEM
	3. A DISCRETE-ORDINATES SOLUTION
	4. SOLUTIONS TO THE PROBLEMS
	5. NUMERICAL RESULTS
	TABLE I
	TABLE II

	ACKNOWLEDGMENTS
	REFERENCES

